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Abstract-we examine a uniform beam hinged at both ends and driven at its center by a harmonic 
forcing function. We show that at forcing frequencies corresponding to the beam’s first five odd 
natural frequencies, the addition of Kelvin-Voigt type structural damping to the standard Euler- 
Bernoulli beam model has little effect on the predicted location of points of least vibration during 
steady state resonant excitation. 
Consider a vibrating string or a longitudinally vibrating beam. Zeros of eigenfunctions for these 
problems may be recovered experimentally as points of least vibration during resonant excitation. 
These points of least vibration, or nodes, can be used to construct approximations to unknown 
material parameters [1,2]. Nodes for a laterally vibrating Euler-Bernoulli beam may be defined 
similarly, i.e., as points of least vibration at resonance. An undamped Euler-Bernoulli beam 
model predicts that nodes coincide with the zeros of eigenfunctions. In this paper, we address 
the question: how do nodal positions change when structural damping is included in an Euler- 
Bernoulli beam model? Answering this question will assist in determining whether structural 
damping should be included in the model used to derive methods for inferring material parameters 
from the nodes of a laterally vibrating beam. Our objective here is to summarize the findings 
contained in [3]. In the report, a solution to a structurally damped, transverse vibrating Euler- 
Bernoulli beam model is derived. The beam, which is hinged at its ends, is at rest initially. It is 
then driven at its center by a harmonically oscillating forcing function. Functions A(z) and p(x) 
which are independent of time t are found such that the steady-state component of the solution 
may be written as A cos(wt + p), where w is the forcing frequency. This representation derived for 
the steady state solution indicates that eventually each cross-section of the beam undergoes simple 
harmonic motion of amplitude A and phase angle shift p. Our model, therefore, predicts that 
local minimums of A may be determined experimentally by measuring points of least vibration 
along the span of the beam. Furthermore, we have shown that when the beam is driven at one 
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of its first five odd natural frequencies, cross sections which undergo minimum motion during 
vibration (i.e., the nodes for the damped beam), occur very near the nodes of an undamped 
beam. This suggests that structural damping may be neglected when deriving inverse nodal 
algorithms for the Euler-Bernoulli beam. In this paper, we shall review these results, and briefly 
describe the method of proof without actually giving the proofs here. The interested reader will 
find that the proofs omitted in this summary are fully documented in the technical report [3]. 
Suppose a beam with pinned ends is at rest until time t = 0, and that for time t > 0, it is driven 
at its center by a harmonically oscillating force. A Kelvin-Voigt type damping term (see [4]) is 
added to the standard Euler-Bernoulli beam equation to account for structural damping. The 
differential equation, boundary, and initial conditions we assume are 
EI d4y + k a2y 
dX4 
d~4 + m 2 = S (z - L/2) FO cos(w t), 
y(O,t)=~(O,t)=y(L,t)=~(L,t)=O, 
Y (x7 0) = 0, 2(x,0) =o. 
Here, t represents time, L the length of the beam, x the position of a cross-section (measured 
from the left end of the beam), y the lateral displacement of the beam, Fo the magnitude of the 
harmonic forcing function, w the frequency of the forcing function, m the mass per unit length, 
and EI the flexural rigidity of the beam. The S on the right-hand side of equation (I) is the 
standard delta function, used here because the external force Fo cos(wt) is applied to the center 
point of the beam. EI and m are assumed to be constant, while the choice of the damping 
coefficient k is dependent on the frequency of the harmonic forcing function. Note that when 
k = 0, equation (1) reduces to an undamped Euler-Bernoulli type beam equation. 
In the next theorem, we present a closed form expression for the steady state solution to 
the boundary-initial value problem given in (l)-(3). We sketch its proof in order to show the 
connection between the damped Euler-Bernoulli beam equation given in (1) and the commonly 
employed technique of using a complex valued bending stiffness to model internal damping during 
harmonic excitation. 
THEOREM 1. Let 
wk 
P=E’ 
(4) 
(5) 
q = D (1 + i/_J)-l14, 
&/2(X) = 
{ 
0, if x 5 L/2, 
1, if x > L/2, 
sinh(qx) cosh(q L/2) 
+ 2 HL&) [sinh(q (x - L/2)) - sin(q (x - LP))l ) , 
(6) 
A(x) = If4x)I, and 
P(X) = Arg(.f&)) . 
(7) 
Then if k > 0, the steady-state solution to the boundary value problem given in (l)-(3) is given 
by 
y&x, t) = Acos(wt + p). (8) 
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SKETCH OF THE PROOF. To show that ySS is the steady state solution to the boundary-initial 
value problem given above in (l)-(3), the following steps may be carried out. See [3] for more 
detail. First, using standard separation of variables techniques, an infinite series solution for 
this problem may be determined. Energy methods can be used to show that this solution is 
unique. To find a closed form expression for the steady state part of the solution, we make a 
judicious guess that it may be written as it is in (8), and pose the following related problem. 
Find yC = fC(x) exp(iwt) such that 
= S (X - L/2) F. eiWt , (9) 
(10) 
here, fC(x) is assumed to be a complex valued function. To determine fC, we substitute fC exp(iwt) 
into (9) and (10) and find that it must satisfy the ordinary differential equation and boundary 
conditions 
EI (1 + i/~) fCi”‘(s) - LJ’ mf,(z) = Fo 6 (x - L/2), 
fJ0) 4 fl.‘(O) = f,(L) = f”(L) = 0. 
We solve this boundary value problem for fC using the method of variation of parameters. The 
solution is given above in (6). Next we use uniqueness arguments to show that ysS, the steady 
state part of the infinite series solution, may be written in terms of fC as 
yss(x, t) = Re { fC(x) ezwt} = A(z) cos(wt + P(X)), 
as desired. I 
REMARK. While the damping coefficient Ic appearing in (1) and (9) depends on the forcing 
frequency w, experimental evidence indicates that for many isotropic materials, p = wk/EI is 
roughly independent of w (see [5]). I n our final theorem, we assume the damping parameter p is 
larger than .OOl and smaller than 0.05. 
In the experiment we study, a beam is driven at its center, and hence, only the beam’s odd 
natural frequencies will cause resonance. This implies that for this experiment, the beam’s Pth 
resonant frequency is equal to its (2p + l)th natural frequency. Furthermore, for an undamped 
beam, it can be shown that zeros of the eigenfunction sin((20 + 1)7rz/L) are the nodes corre- 
sponding to the Pth resonant frequency. To see that this is the case, the eigenfunction expansion 
of the solution to the undamped problem may be examined. One finds that as w approaches 
wzg+i, where 
w2p+l = c2p ‘,;” 7r2 F, 
m (11) 
the coefficient of sin( (2p+ 1) TX/L) in the series expansion of the solution grows arbitrarily large, 
while all other terms in the series remain bounded. Thus, the undamped model predicts nodes 
will occur when 
X j -_= 
L 2Pfl’ 
j = 1,2 ) . . . ) 2p. (12) 
The next theorem shows that at the first five resonant frequencies, the local minimums of the 
amplitude function A, and hence, the nodes for the damped problem, occur near the nodes pre- 
dicted by the undamped model. Before we state the theorem, we make the following definitions. 
Forp=1,2,3,or4andj=l,... , p, let cp,j be defined as indicated in the following table. 
54 B. GEIST AND J. R. MCLAUGHLIN 
Plj 1 2 3 4 
1 C, 1 = 1.19 
2 ~2.1 = 7.08 C2,2 = 1.31 
3 cg,1 = 1.59 c3,2 = 7.66 ~3,s = 1.48 
4 Cd,1 = .41 C‘j,2 = 1.75 ~4,s = 8.41 cd,4 = 1.69 
Next, let D be defined as it is in equation (4), and define 
1’ = &L2 + .0003, 
and 
h = (cos2(aDL/2) +sinh’(DL~/8))~“. 
For p = 1,2,3, or 4, and j = 1,. . . , ,O, define Sp)j as 
(2/&n 
Isin-1(h~1/2c~,j)/ + r& ifjE {l,...,p-l}, 
Q,j = 
(20: 1)7r 
Isin-%&) + +& ifj =p, 
With these definitions made, we now give a theorem which shows that when the damping 
parameter p is in a certain range, structural damping has little effect on the location of nodes. 
Note that the theorem deals only with the first several resonances which give rise to nodes. No 
nodes occur at the first resonance of this experiment. Therefore, the case where ,B = 0 is not 
mentioned in the theorem. 
THEOREM 2. Suppose that p E [.OOl, .05] and that p E {1,2,3,4}. Furthermore, suppose WZP+I 
is defined as in equation (11) and that w satisfies the following resonance condition, 
.9994 I w 
wzP+l 
< 1.0006 + ;p2. (13) 
Then forj = l,..., ,B, the steady state amplitude function A(x) given in equation (7) will take 
on local minimums when 
-6p.j<% j jLV_ 
l+r L 2,L+l<l-r 
(14) 
and when 
- sp,j <5_2P-.i+l< h,j 
l-r L 2p+1 1sr’ 
(15) 
REMARK. For the damped problem, we define resonant frequencies as those frequencies which 
maximize the area under the steady state amplitude function. The resonance inequality in (13) 
comes from our findings that 
J 
L FOL4 
0 A(x)dx =2E11(1 + i/+/41 
J 
DLP 1 
. 
1 sin(y (1 + i/.~)-l/~ sinh(y (1 + i,!~)-l/~) (16) 
(DL)4 1 cos(DL (1 + i/~)-l/~/2) - cosh(DL (1 + i~)-l/~/2) 
dy 
’ 0
Using a computer optimization routine for various fixed values of ~1 in the assumed range, we 
calculated values of DL for which the integral on the right hand side of equation (16) was 
maximized. In all cases computed, local maximums of this integral occurred when the first five 
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digits of DL matched the first five digits of an odd multiple of r. These computed results provide 
the basis for the resonance ranges we assume for w in Theorem 2. 
REMARK. When w is in the range identified in (13) and 1-1 E [.OOl, ,051, h M (2p + 1) r/~/8, and 
hence, 
if j < /3, 
if j = p. 
This implies that for each /3 and j, S,,j/( 1 fr) is quite small. Inequalities (14) and (15) show that 
when damping is introduced into the mathematical model for this experiment, nodes shift from 
their undamped positions (see equation (12)) by, at most, only a small amount. We conclude 
that if the hypotheses of Theorem 2 are satisfied, then for this experiment, Kelvin-Voigt type 
structural damping has little effect on nodal positions associated with the first five odd natural 
frequencies. 
SKETCH OF THE PROOF OF THEOREM 2. (For the complete proof, see [3, pp. 39-741. For 
2 E [0, L/2], the amplitude function A is proportional to 
R= 
sin(qz) sinh(qz) 
cos(qL/2) - cosh(qL/2) . 
To prove (14), we determine where R takes on its minimum values. In [3], we calculate Tay- 
lor series expansions with exact remainder functions for the real and imaginary parts of q = 
D (1 + il_~)-‘/~. Using these series expansions, we approximate R by 
sin(aDz) cash 
( > 
F - i cos(aDz) sinh 9 
( > 
AP2 = cos (F) cash (y) + i sin (9) sinh ( y) ’ 
then we derive error functions E = E(Ic,~) and K = K(p), where K is O(p) and E is 0(p2) + 
O(exp(D(z -L/2)), such that 
lAP2 -RI < E + K Isin(crDz)l. (17) 
(We give the order estimates for E and K to indicate that both these functions are small in 
magnitude when x E [0, L/2] and p E [.OOl, .05]. Exact definitions for E and K are given in [3]; 
however, because we recount now only a summary of the proof, we do not give these definitions 
here.) From inequality (17) it follows that 
APQ - E - K (sin(crDz)( < R(z). 
Also from (17), we determine Rj, an upper bound for R(z) when x = j~/( Da). We show that 
the equation 
AP2 - E - K 1 sin(cuDX)I = Rj (18) 
leads to a quadratic equation in I sin(aDx) /. For each j E 1,. . , /3, we prove that this equation 
has two real solutions when x is near jr/Da , one on either side of this value. Estimates of the 
solutions to (18) are the basis for the inequality given in (14). 
Since A(z) = A(L -a), we apply the transformation L - z to the intervals along the x-axis 
defined by (14) to establish the inequality in (15). This proves the theorem. I 
1. 
2. 
3. 
4. 
5. 
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